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Abstract
We study the Dunkl oscillator in two dimensions by the su(1, 1) al-
gebraic method. We apply the Schro¨dinger factorization to the radial
Hamiltonian of the Dunkl oscillator to find the su(1, 1) Lie algebra gen-
erators. The energy spectrum is found by using the theory of unitary
irreducible representations. By solving analytically the Schro¨dinger
equation, we construct the Sturmian basis for the unitary irreducible
representations of the su(1, 1) Lie algebra. We construct the SU(1, 1)
Perelomov radial coherent states for this problem and compute their
time evolution.
∗
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1 Introduction
In Relativistic and Non Relativistic Quantum Mechanics there are few prob-
lems which can be solved exactly. Within these exactly solvable problems
are those with radial symmetry, such as the harmonic oscillator, the Kepler-
Coulomb and the of MICZ-Kepler problems, among others. The solution to
these problems is generally obtained in two ways: analytical and algebraic.
The algebraic methods provide a more elegant way to find the energy spec-
trum and eigenfunctions, and generally, these methods are related to compact
and non-compact symmetries. The su(1, 1) ∼ so(2, 1), one of the most sim-
ple Lie algebras, has been successfully applied to study many non-relativistic
quantum problems, as can be seen in references [1–9].
Dirac [10] and Schro¨dinger [11–13] established the fundamental ideas of
factorization since the beginnings of quantum mechanics. However, it was
until the works of Infeld and Hull [14, 15] where the factorization methods
became relevant to the study of quantum systems. They introduced a sys-
tematic way to factorize and classify a large class of potentials. Recently, the
so-called Schro¨dinger factorization has been used to construct the su(1, 1)
Lie algebra generators and to give algebraic solutions to various physical
problems [16–20].
The harmonic oscillator coherent states were introduced by Schro¨dinger
[21] in 1926 and they are the most classical states. Glauber [22], Klauder
[23,24] and Sudarshan [25] reintroduced the concept of coherent states and its
application in quantum optics. The modern way to construct these states is
by means of compact and non-compact groups and their unitary irreducible
representations. This approach for the coherent states has been successfully
applied to many problems, reported in references [26–30].
The Dunkl oscillator has been studied in two and three dimensions in
references [31–33]. In these works, the authors obtained the exact solu-
tions of the model, its superintegrability and its dynamical symmetry (called
Schwinger-Dunkl algebra). The two-dimensional solutions of the Dunkl oscil-
lator in Cartesian coordinates are given in terms of the generalized Hermite
polynomials, and in polar coordinates its angular and radial solutions are
given in terms of the Jacobi and Laguerre polynomials, respectively.
The aim of the present work is to solve the Dunkl oscillator in two di-
mensions by using the su(1, 1) Lie algebra and to construct its Perelomov
radial coherent states. We apply the Schro¨dinger factorization to the radial
Hamiltonian of the radial Dunkl oscillator. After generalize the factorization
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operators, we construct the su(1, 1) Lie algebra generators, being one of the
generators of the algebra proportional to the radial Hamiltonian. We con-
struct the Sturmian basis for the unitary irreducible representations of this
algebra. The energy spectrum and the radial wave functions are obtained.
With the su(1, 1) generators and the Sturmian basis we construct the Perelo-
mov coherent states and their time evolution of the two-dimensional Dunkl
oscillator.
This work is organized as follows. In Section 2 we obtain the differen-
tial equations for the radial and angular parts of the Dunkl oscillator in the
plane in polar coordinates. In Section 3, we apply the Schro¨dinger factoriza-
tion method to the radial Hamiltonian to obtain the three generators of the
su(1, 1) Lie algebra. The energy spectrum is computed by using the theory
of irreducible representations. By solving analytically the Schro¨dinger ra-
dial equation, the Sturmian basis for the unitary irreducible representations
of the su(1, 1) is obtained. In Section 4, we construct the SU(1, 1) Perelo-
mov radial coherent states and their time evolution. Finally, we give some
concluding remarks.
2 The Dunkl oscillator in two dimensions in
polar coordinates
The Dunkl derivative D
µxi
xi is defined by [34]
D
µxi
xi =
∂
∂xi
+
µxi
xi
(I− Rxi) , xi ∈ {x, y}. (1)
In this expression Rxi is the reflection operator with respect to the plane
xi = 0, which produces the following action
Rxf(x, y) = f(−x, y), Ryf(x, y) = f(x,−y). (2)
With this operator, the Hamiltonian of the isotropic Dunkl oscillator in two
dimensions is
H = −
1
2
[
(Dµxx )
2 + (Dµyy )
2
]
+
1
2
[
x2 + y2
]
, (3)
where the term
(
D
µxi
xi
)2
explicitly is given by
(
D
µxi
xi
)2
=
∂2
∂x2i
+ 2
µxi
xi
∂
∂xi
−
µxi
x2i
[I− Rxi] . (4)
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In polar coordinates x = r cosϕ, y = r sinϕ the Hamiltonian can be written
as
H = Ar +
1
r2
Bϕ, (5)
where Ar and Bϕ are
Ar = −
1
2
[
∂2
∂r2
+
1
r
∂
∂r
]
−
1
r
(µx + µy)
∂
∂r
+
1
2
r2, (6)
Bϕ = −
1
2
∂2
∂ϕ2
+ (µx tanϕ− µy cotϕ)
∂
∂ϕ
+
µx(I− Rx)
2 cos2 ϕ
+
µy(I−Ry)
2 sin2 ϕ
. (7)
For simplicity, we set µx and µy equal to the constants µ1 and µ2, respectively.
If we propose that the eigenfunction Ψ(r, ϕ) of the Schro¨dinger equation
HΨ = EΨ is of the form Ψ(r, ϕ) = R(r)Φ(ϕ), we obtain the differential
equation for the angular part
BϕΦ(ϕ)−
l2
2
Φ(ϕ) = 0, (8)
and the radial Hamiltonian of the problem [31]
HrR(r) = ArR(r) +
l2
2r2
R(r) = ER(r), (9)
where the term l2/2 is the separation constant. The solutions of the angular
part (equation (8)) depend on the eigenvalues s1, s2 with si = ±1 of the
reflection operators R1, R2. These functions are reported in references [31,32]
and are given by
Φ(s1,s2)m (ϕ) = ηm cos
e1 ϕ sine2 ϕP
(µ2+e2−1/2,µ1+e1−1/2)
m−e1/2−e2/2
(cos 2ϕ), (10)
where P
(α,β)
n (x) are the classical Jacobi polynomials, ηm is a normalization
factor and e1, e2 are the indicator functions for the eigenvalues of the reflec-
tions R1 and R2, i.e.:
ei =
{
0, if si = 1,
1, if si = −1,
for i = 1, 2. The constant m is a positive half-integer when s1s2 = −1,
whereas m is a non-negative integer when s1s2 = 1. Moreover, for m = 0,
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only the s1 = s2 = 1 state exists. In all these parity cases, the separation
constant is
l2 = 4m(m+ µ1 + µ2). (11)
From the orthogonality relation of the Jacobi polynomials, it can be deduced
that the angular part of the Dunkl oscillator satisfies [31]∫ 2pi
0
Φ(s1,s2)m (ϕ)Φ
(s′
1
,s′
2
)
m′ (ϕ)| cosφ|
2µ1| sinφ|2µ2dφ = δm,m′δs1,s′1δs2,s′2, (12)
with the normalization constant ηm defined as
ηm =
[
(2m+ µ1 + µ2) Γ
(
m+ µ1 + µ2 +
e1
2
+ e2
2
) (
m− e1
2
− e2
2
)
!
2Γ
(
m+ µ1 +
e1
2
− e2
2
+ 1
2
)
Γ
(
m+ µ2 +
e2
2
− e1
2
+ 1
2
)
]1/2
. (13)
The radial eigenfunctions and the energy spectrum of the Dunkl oscillator in
two dimensions shall be obtained in the following Section by using an su(1, 1)
algebraic method.
3 The su(1, 1) algebraic solution of the Dunkl
oscillator
In this Section we shall use the Schro¨dinger factorization method [11, 16]
to obtain the energy spectrum and the radial eigenfunctions of the Dunkl
oscillator. In order to remove the first derivative of equation (9), we propose
R(r) =
U(r)
r
1
2
(1+2µ1+2µ2)
. (14)
Thus, the radial equation for the function U(r) is
d2U(r)
dr2
+
[
2E − r2 −
l2 − 1
4
+ (µ1 + µ2)
2
r2
]
U(r) = 0. (15)
The differential equation for U(r) can be written in the more appropriate
form (
−r2
d2
dr2
+ r4 − 2Er2
)
U(r) =
(
1
4
− l2 − (µ1 + µ2)
2
)
U(r). (16)
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In order to apply the Schro¨dinger factorization to the left-hand side of equa-
tion (16), we propose(
r
d
dr
+ ar2 + b
)(
−r
d
dr
+ cr2 + f
)
U(r) = gU(r), (17)
where a, b, c, f and g are constants to be determined. Expanding this
expression and comparing it with equation (16) we obtain
a = c = ±1, f = ∓E −
1
2
, b = ∓E −
3
2
,
g = −l2 − (µ1 + µ2)
2 − (E ± 1)2 +
1
2
. (18)
Hence, the differential equation for U(r) (equation (16)) is factorized as
(J∓ ∓ 1)J±U(r) = −
1
4
{
(E ± 1)2 +
[
l2 + (µ1 + µ2)
2 −
1
2
]}
U(r), (19)
where
J± =
1
2
(
∓r
d
dr
+ r2 − E ±
1
2
)
, (20)
are the so-called Schro¨dinger operators. In what follows we use the standard
procedure to generalize these operators to close the su(1, 1) Lie algebra. From
equation (15) we define
B0U(r) ≡
1
4
[
−
d2
dr2
+ r2 +
l2 − 1
4
+ (µ1 + µ2)
2
r2
]
U(r) =
E
2
U(r). (21)
This equation allows to generalize the operators J± to the second order ones
B± ≡
1
2
[
∓r
d
dr
+ r2 − 2B0 ∓
1
2
]
. (22)
By direct calculation we can show that the operators B0 and B± close the
su(1, 1) Lie algebra (equation A.1 of Appendix). We notice that the states for
the unitary irreducible representations of this Lie algebra are |k, n〉 = U(r).
However, if we apply the operators B0 and B± on the functions U(r) =
r
1
2
(1+2µ1+2µ2)R(r), we get the operators
A0 =
1
4
(
−
d2
dr2
−
(1 + 2µ1 + 2µ2)
r
d
dr
+
l2
r2
+ r2
)
, (23)
A± =
1
2
(
±r
d
dr
− r2 + 2K0 ± (1 + µ1 + µ2)
)
, (24)
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whose unitary irreducible representations are given now in terms of the radial
functions (Sturmian basis) |k, n〉 = R(r). Notice that these new operators
also close the su(1, 1) Lie algebra and that the radial Hamiltonian Hr (equa-
tion (9)) and the third generator A0 satisfies A0 =
1
2
Hr.
The action of the Casimir operator A2 (see Appendix) on the radial func-
tion R(r) is
A2R(r) =
1
4
[
(µ1 + µ2)
2 + l2 − 1
]
R(r). (25)
By substituting equation (11) into equation (25) and from the theory of
unitary irreducible representation it follows that
1
4
[
(µ1 + µ2)
2 + 4m(m+ µ1 + µ2)− 1
]
R(r) = k(k − 1)R(r). (26)
Thus, the group number k (Bargmann index) is
k = m+
1
2
(µ1 + µ2 + 1) , k = −m−
1
2
(µ1 + µ2 − 1) , (27)
and the other group number is just the radial quantum number, n = nr.
From equation (9) and equation (A.4) of Appendix we obtain
HrR(r) = 2A0R(r) = ER(r) = 2
[
nr +m+
1
2
(1 + µ1 + µ2)
]
R(r). (28)
Therefore, the energy spectrum of the Dunkl oscillator in two dimensions is
E = 2(nr +m) + µ1 + µ2 + 1. (29)
The radial function U(r) can be obtained from the general differential
equation [35]
u′′ +
[
4n + 2α+ 2− x2 +
1
4
− α2
x2
]
u = 0, (30)
which has the particular solution
u = Nne
−x2/2xα+1/2Lαn(x
2). (31)
By substituting the energy spectrum of equation (29) into the differential
equation for the radial function U(r) (15), and comparing it with equation
(30), we obtain the relationship
α2 = l2 + (µ1 + µ2)
2 = 4m(m+ µ1 + µ2) + (µ1 + µ2)
2, (32)
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where we have used the expression (11). Therefore, the function U(r) explic-
itly is
U(r) =
2Γ(nr + 1)
Γ(n+ 2m+ µ1 + µ2 + 1)
e−r
2/2r2m+µ1+µ2+
1
2L2m+µ1+µ2nr (r
2). (33)
where the normalization coefficient Nn was computed from the orthogonality
of the Laguerre polynomials∫ ∞
0
e−xxα [Lαn(x)]
2 dx =
Γ(n+ α + 1)
n!
. (34)
The Sturmian basis for the irreducible unitary representation of the su(1, 1)
Lie algebra in terms of the group numbers n, k for the Dunkl oscillator in
two dimensions is
Rnr ,m(r) =
[
2Γ (nr + 1)
Γ (nr + 2m+ µ1 + µ2 + 1)
]1/2
r2me−r
2/2L2m+µ1+µ2nr
(
r2
)
. (35)
or
Rn,k(r) =
[
2Γ(n+ 1)
Γ (n+ 2k)
]1/2
r2k−(µ1+µ2+1)e−r
2/2L2k−1n
(
r2
)
. (36)
As it was expected, it can be easily seen that for µ1 = µ2 = 0 the radial
functions of the two-dimensional isotropic harmonic oscillator are recovered
[36, 37].
4 SU(1, 1) radial coherent states and their time-
evolution
In this Section we shall construct the radial coherent states for the radial
function by using the Sturmian basis Rk,n(r). The SU(1, 1) Perelomov co-
herent states are defined as [27]
|ζ〉 = D(ξ)|k, 0〉 = (1− |ξ|2)k
∞∑
n=0
√
Γ(n+ 2k)
n!Γ(2k)
ξn|k, n〉. (37)
with D(ξ) the displacement operator and |k, 0〉 the lowest normalized state.
Thus, if we apply the operator D(ξ) to the ground state of the Dunkl oscil-
lator radial the functions (n = 0 in equation (36)), we obtain
R(r, ξ) =
[
2(1− |ξ|2)2k
Γ(2k)
]
r2k−(µ1+µ2+1)e−r
2/2
∞∑
n=0
ξnL2k−1n
(
r2
)
. (38)
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This sum is computed from the Laguerre polynomials generating function
∞∑
n=0
Lνn(x)y
n =
e−xy/(1−y)
(1− y)ν+1
, (39)
resulting the closed form
R(r, ξ) =
[
2(1− |ξ|2)2k
Γ(2k)(1− ξ)4k
]
r2k−(µ1+µ2+1)e
r2
2 (
ξ+1
ξ−1). (40)
Therefore the SU(1, 1) radial coherent states for the Dunkl oscillator in two
dimensions in terms of the physical quantum numbers m,µ1, µ2 are
R(r, ξ) =
[
2(1− |ξ|2)2m+(µ1+µ2+1)
Γ(2m+ (µ1 + µ2 + 1))(1− ξ)2(2m+(µ1+µ2+1))
]
r2me
r2
2 (
ξ+1
ξ−1). (41)
The radial coherent states for the two-dimensional Dirac-Moshinsky oscillator
coupled to an external magnetic field were obtained in relativistic quantum
mechanics in reference [38].
The time evolution of these coherent states can be easily computed since
A0 =
1
2
Hr. Thus, the time evolution operator for our problem is
U(τ) = e−iHrτ/~ = e−iγ2A0τ/~, (42)
where τ is considered as a fictitious time [36, 37]. Thus, the time evolution
of the Perelomov coherent states is given by [19]
|ζ(τ)〉 = U(τ)|ζ〉 = U(τ)D(ξ)U †(τ)U(τ)|k, 0〉. (43)
From equation (A.4) of Appendix, the time evolution of the state |k, 0〉 is
U(τ)|k, 0〉 = e−2ikτ/~|k, 0〉. (44)
The similarity transformation U(τ)D(ξ)U †(τ) can be computed from the time
evolution of the raising and lowering operators U †(τ)A±U(τ). From the BCH
(Baker-Campbell-Hausdorff) formula and equations (42) and (A.1) we have
A+(τ) =U
†(τ)A+U(τ) = A+e
2iτ/~, (45)
A−(τ) =U
†(τ)A−U(τ) = A−e
−2iτ/~. (46)
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Thus, U(τ)D(ξ)U †(τ) can be expressed as
U(τ)D(ξ)U †(τ) = eξA+(−τ)−ξ
∗A−(−τ) = eξ(−τ)A+−ξ(−τ)
∗A−, (47)
where ξ(t) = ξe2iτ/~. In this sense, if we define ζ(t) = ζe2iτ/~, the time
evolution of the displacement operator in its normal form is given by
D(ξ(t)) = eζ(t)A+eηA0e−ζ(t)
∗A−. (48)
from equations (44) and (48), we obtain that the time dependent Perelomov
coherent state is
|ζ(t)〉 = e−2ikτ/~eζ(−τ)A+eηA0e−ζ(−τ)
∗A−|k, 0〉. (49)
With these results, we obtain that the time evolution of the coherent state
for the Dunkl oscillator R(r, ξ, τ) in the configuration space is
R (r, ξ(τ)) =
[
2(1− |ξ|2)2m+(µ1+µ2+1)
Γ(2m+ (µ1 + µ2 + 1))(1− ξe2iτ/~)2(2m+(µ1+µ2+1))
]1/2
×e−2i(m+
1
2
(µ1+µ2+1))τ/~r2me
r2
2
(
ξe2iτ/~+1
ξe2iτ/~−1
)
. (50)
Hence, the fact that the third generator of the Lie algebra is proportional
to the radial Hamiltonian Hr, simplifies the calculation of the time evolution
of the coherent states. We emphasize that equations (41) and (50) are two
of the main results of the present work.
Appendix: The SU(1, 1) Group and its coherent
states
The su(1, 1) Lie algebra is spanned by the generators K+, K− and K0, which
satisfy the commutation relations [39]
[K0, K±] = ±K±, [K−, K+] = 2K0. (A.1)
The action of these operators on the Sturmian basis {|k, n〉, n = 0, 1, 2, ...} is
K+|k, n〉 =
√
(n+ 1)(2k + n)|k, n+ 1〉, (A.2)
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K−|k, n〉 =
√
n(2k + n− 1)|k, n− 1〉, (A.3)
K0|k, n〉 = (k + n)|k, n〉, (A.4)
where |k, 0〉 is the lowest normalized state. The Casimir operator for any
irreducible representation satisfies
K2 = −K+K− +K0(K0 − 1) = k(k − 1). (A.5)
The theory of unitary irreducible representations of the su(1, 1) Lie algebra
has been studied in several works [40] and it is based on equations (A.2)-
(A.5). Thus, a representation of su(1, 1) algebra is completely determined
by the number k. For the purpose of the present work we will restrict to the
discrete series only, for which k > 0.
The SU(1, 1) Perelomov coherent states |ζ〉 are defined as [27]
|ζ〉 = D(ξ)|k, 0〉, (A.6)
where D(ξ) = exp(ξK+ − ξ
∗K−) is the displacement operator and ξ is a
complex number. From the properties K†+ = K− and K
†
− = K+ it can be
shown that the displacement operator possesses the property
D†(ξ) = exp(ξ∗K− − ξK+) = D(−ξ), (A.7)
and the so-called normal form of the displacement operator is given by
D(ξ) = exp(ζK+) exp(ηK0) exp(−ζ
∗K−), (A.8)
where ξ = −1
2
τe−iϕ, ζ = − tanh(1
2
τ)e−iϕ and η = −2 ln cosh |ξ| = ln(1−|ζ |2)
[41]. By using this normal form of the displacement operator and equations
(A.2)-(A.4), the Perelomov coherent states are found to be [27]
|ζ〉 = (1− |ξ|2)k
∞∑
n=0
√
Γ(n+ 2k)
n!Γ(2k)
ξn|k, n〉. (A.9)
5 Concluding remarks
We solved the Dunkl oscillator in polar coordinates by using the su(1, 1) Lie
algebra and the theory of unitary irreducible representations. We showed
that the radial Hamiltonian of this problem possesses the su(1, 1) symmetry.
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The Lie algebra generators were constructed from the Schro¨dinger factoriza-
tion method. The radial Sturmian basis was obtained by solving analytically
the radial Schro¨dinger differential equation. We used the Sturmian basis and
the su(1, 1) Lie algebra to calculate the Perelomov radial coherent states in a
closed form. Also, we computed the time evolution of these coherent states.
Our procedure can be applied successfully to other problems, as for ex-
ample the Dunkl-Coulomb problem, which is a forthcoming work.
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